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We have recently reported the existence of Kerr black holes with scalar hair in General Relativity
minimally coupled to a massive, complex scalar field [1]. These solutions interpolate between boson
stars and Kerr black holes. The latter have a well known topologically S2 ergo-surface (ergo-sphere)
whereas the former develop a S1 × S1 ergo-surface (ergo-torus) in a region of parameter space. We
show that hairy black holes always have an ergo-region, and that this region is delimited by either an
ergo-sphere or an ergo-Saturn – i.e. a S2⊕(S1×S1) ergo-surface. In the phase space of solutions, the
ergo-torus can either appear disconnected from the ergo-sphere or pinch off from it. We provide a
heuristic argument, based on a measure of the size of the ergo-region, that superradiant instabilities
- which are likely to be present - are weaker for hairy black holes than for Kerr black holes with the
same global charges. We observe that Saturn-like, and even more remarkable, ergo-surfaces should
also arise for other rotating ‘hairy’ black holes.
PACS numbers: 04.50.-h, 04.50.Kd, 04.20.Jb
I. INTRODUCTION
Kerr black holes (BHs) can support regular scalar
hair [1]. The existence of these hairy black holes (HBHs),
continuously connected to Kerr BHs, can be understood
from the fact that real frequency bound states exist for a
massive, complex, Klein-Gordon scalar field on the Kerr
background. Such bound states may, moreover, be un-
derstood as zero modes, from the viewpoint of the super-
radiant instability that afflicts the Kerr solution in the
presence of the aforementioned scalar field [2–9].
The existence of such solutions seems surprising at first
sight, in view of a number of no-(scalar-)hair theorems for
four dimensional, regular, asymptotically flat, BHs [10].
HBHs circumvent such theorems due to a phase-like time
dependence for the scalar field. Actually, a no-(scalar-
)hair theorem was proposed in [11] with precisely this
time dependence for static BHs. But including rotation is
mandatory for the existence of these HBHs [12], making
them consistent with the result in [11]. The phase-like
time dependence does not survive, however, at the level of
the line element. As such the geometry is stationary and
axi-symmetric, but the full solution is invariant under
the action of a single helicoidal Killing vector field. The
existence of BHs with this property was first appreciated
in five dimensional Anti-de Sitter space [13].
HBHs are more star-like than Kerr BHs. This means
their physical properties can be markedly different from
those of the Kerr solution, as illustrated in [1] for both
the quadrupole moment and the orbital frequency at the
innermost stable circular orbit. As such HBHs can be
used to bench mark deviations from the Kerr geometry,
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and to construct templates, for observable quantities, ex-
hibiting such deviations. The templates can then be com-
pared with future observations of BHs, for instance, with
the Event Horizon Telescope [14].
It is conceivable, moreover, that HBHs may play a role
in astrophysics. To probe this possibility we are led to
considering their stability. In [1] it was shown HBHs are
entropically favored to Kerr BHs, when both solutions
co-exist for the same global charges – i.e. in the region
of non-uniqueness. Despite this indication of stability,
HBHs may be afflicted by instabilities, namely the super-
radiance associated to the massive scalar field they sup-
port. Indeed, HBHs connect to Kerr BHs precisely at the
threshold of the superradiant instability of a particular
mode, with a given azimuthal harmonic index m. Thus
superradiant instabilities caused by modes with higher m
may be present.
Studies of the scalar superradiant instabilities for the
Kerr case may be performed simply by computing the
Klein-Gordon equation in the Kerr background. By con-
trast, since HBHs have a non-vanishing scalar field, a
study of scalar field perturbations necessarily involves
the coupled scalar-gravitational perturbations (see [15]
for such a study applied to boson stars, within some ap-
proximations). Before attempting such challenging com-
putation – in particular in view of the numerical nature
of the solutions – it may be informative to understand
the structure of the ergo-region of HBHs, since the latter
is intimately connected to the superradiant instability.
Such study will be presented in this paper.
HBHs interpolate between Kerr BHs and boson stars.
The former have a well known (topologically) S2 ergo-
surface – the ergo-sphere – whereas the latter develop a
S1 × S1 ergo-surface – an ergo-torus – in some region
of phase space [16]. We shall show that the ergo-surface
for HBHs is a composition of these two building blocks.
ar
X
iv
:1
40
6.
12
25
v2
  [
gr
-q
c] 
 14
 Ju
n 2
01
4
2In a large region of the parameter space there is only an
ergo-sphere; in the remaining part, an ergo-torus is also
present. The latter may emerge disconnected from the
ergo-sphere or may pinch-off from it. In either case the
topology of the total ergo-surface of the solution changes
from S2 to S2⊕ (S1×S1); we dub the latter ergo-surface
as an ergo-Saturn.
To the best of our knowledge, HBHs provide the first
example of such ergo-surfaces in four dimensional asymp-
totically flat geometries. We remark, however, that
toroidal and Saturn-like ergo-surfaces are known in other
contexts, including black rings [17] and black Saturns [18]
in higher dimensional gravity (see [19] for a discussion of
ergo-region mergers in higher dimensions and [20] in in-
teracting Kerr BHs). Also, toroidal ergo-regions have
been found in four dimensional – but non-asymptotically
flat – magnetized BHs [21].
The existence of ergo-regions indicates that HBHs will
be afflicted by superradiant instabilities. A proof of exis-
tence of such instabilities and a computation of their time
scales requires a detailed analysis, as discussed above.
We shall not pursue such computation herein; we shall,
however, give an heuristic argument that in the region
of phase space where an unambiguous comparison can
be made with Kerr BHs – the region where there is
non-uniqueness – superradiant instabilities are weaker for
HBHs. The argument relies on making quantitative the
intuitive notion that the ‘size’ of the ergo-region should
be positively correlated with the strength of the insta-
bility. We suggest that a quantitative measure of such
‘size’ is provided by a normalized difference between the
area of the total ergo-surface AE and the area of a spatial
section of the event horizon AH :
∆a ≡ AE −AH
16piM2
, (1)
where M is the ADM mass. This quantity – which we
dub ergo-size – is well defined even in the absence of an
event horizon, as for the case of rotating boson stars.
After arguing that ∆a is an appropriate measure of the
strength of the instability for the Kerr-Newman family
– in the regime where the Compton wave length of the
field is much larger than the BH – we will show that
∆a is smaller for HBHs than for Kerr solutions with the
same mass and angular momentum. Such observation
suggests superradiant instabilities will be weaker for the
former than for the latter.
This paper is organized as follows. In Section II we
shall make a scan of ergo-surfaces in the phase space
of solutions, describing precisely where ergo-spheres and
ergo-Saturns arise and how the transition between them
occurs. In Section III we first review the time scales
for scalar superradiant instabilities in Kerr and rephrase
them in terms of the quantity ∆a defined above. Then
we compare ∆a for Kerr and HBHs and conclude some
lower limits for the e-folding times of superradiant in-
stabilities for HBHs. In Section IV we briefly discuss
other models where ergo-Saturns – and even more in-
volved ergo-surfaces – should occur.
II. ERGO-SURFACES
The scalar HBHs found in [1] are asymptotically flat,
regular (on and outside an event horizon) solutions of the
Einstein-Klein-Gordon system, described by:
ds2 = e2F1
(
dr2
N
+ r2dθ2
)
+ e2F2r2 sin2 θ(dϕ−Wdt)2
−e2F0Ndt2, with N = 1− rH
r
, (2)
Ψ = φ(r, θ)ei(mϕ−wt), (3)
where Fi,W, φ, i = 0, 1, 2, are real functions of (r, θ) that
are found numerically; explicit examples will be provided
in [22]. Also, w > 0 is the scalar field frequency and m =
±1,±2. . . is the azimuthal harmonic index. Finally, rH
corresponds to the radial coordinate of the BH horizon.
Putting rH = 0 one obtains solutions without a horizon,
describing rotating boson stars. HBHs can have different
numbers of nodes of the scalar profile φ(r, θ). As in [1],
we focus on nodeless solutions with m = 1 and even
parity, which are classified by the ADM mass M , angular
momentum J and normalized Noether (scalar) charge q.
Ergo-surfaces are invariantly defined as the locus at
which the normalized time-like Killing vector field at in-
finity ξ = ∂t becomes null:
ξ ·ξ = 0 ⇔ 0 = gtt = −e2F0N+W 2e2F2r2 sin2 θ . (4)
Let us consider the last equation for two cases:
i) for HBHs, rH 6= 0; then, at the horizon (r = rH),
gtt is positive on the equatorial plane (θ = pi/2).
Since asymptotic flatness requires gtt |r=∞ = −1 ,
then gtt must have an odd number of zeros between
the horizon and infinity along the equatorial plane.
Along the symmetry axis, on the other hand, gtt
vanishes on the horizon and therefore it must have
an even number of zeros outside the horizon.
ii) for boson stars, rH = 0; along the symmetry axis,
θ = 0, pi – in particular for r = 0 – gtt is neg-
ative. Asymptotic flatness then requires that gtt
must have an even number of zeros (along any
θ = constant plane).
The upshot of this simple reasoning is that HBHs must
have an ergo-region and boson stars cannot have an ergo-
sphere. Precisely what happens requires a more detailed
analysis. Performing such an analysis, we find that bo-
son stars can either have no ergo-region at all - dubbed
Type 0 boson stars - or have a toroidal ergo-region – Type
II boson stars. On the other hand, HBHs can have only
an ergo-sphere – which we call Type I HBHs – or an
ergo-Saturn – Type III HBHs. The type number, there-
fore, corresponds to the number of zeros of gtt along the
equatorial plane, from either the horizon or the origin (in
the case of boson stars). These different types of ergo-
surfaces are illustrated in Fig. 1 as 3D plots obtained
from our numerical data.
3FIG. 1. Ergo-surfaces for a type II boson star (top) with phys-
ical parameters (M,J, q) = (0.811, 0.626, 1), a type I HBH
(middle) with parameters (0.708, 0.494, 0.804) and a type III
HBH (bottom), with (1.007, 0.876, 0.986). In the bottom two
plots, the event horizon is also exhibited (as the innermost
spherical surface). The figures are not embedding diagrams;
they use the numerical data obtained in the coordinates of eq.
(2), but plotted as standard spherical coordinates. Also the
overall scale is different for each panel. As such, these figures
should be regarded simply as illustrations.
In Fig. 2 we show the phase space of HBHs withm = 1,
even parity nodeless scalar fields [1] in a mass M versus
frequency w diagram. As usual, we take G = 1 and
rescale quantities to the scalar field mass µ.
FIG. 2. Domain of existence of HBHs for m = 1 in M -w
space (shaded region). The dotted black curve corresponds
to solutions with q = 0.985. Along this curve we have se-
lected five points, labelled as a to e. Points a and e are in the
region where HBHs have ergo-spheres. Point c falls into the
region where ergo-Saturns exist (shaded in light blue). This
region is delimited by two lines that meet at a cusp (point
2): the first line, connecting points 1 and 2, corresponds
to the appearance/disappearance of an ergo-torus – which
has zero radius along this line – disconnected from the ergo-
sphere. The second one, where point d stands, corresponds to
the merger/separation between an ergo-torus with non-zero
radius and the ergo-sphere. Precisely at a cusp, the merg-
ing/separating ergo-torus has zero radius. The inset shows
that the second line asymptotes to the boson star line.
The phase space seen in Fig. 2 is delimited by three
curves: the boson star curve (red solid line), the Kerr
BHs curve (blue dotted line) and the extremal (i.e. zero
temperature) HBHs curve (black dashed line). Along the
boson star line, solutions starting with M = 0 until point
1 are type 0; beyond point 1 are type II. Moving from
the boson star line to the interior of the HBHs domain
of existence (shaded region), we find a line of solutions
starting from point 1 going through a cusp at point 2
and approaching asymptotically the boson star line as
one moves to the center of the spiral. This line separates
type I and type III HBHs. Type I HBHs connect to type 0
boson stars whereas type III HBHs connect to type I bo-
son stars. The transition from type I and type III HBHs
can occur in two qualitatively distinct ways. Along the
line segment connecting points 1 and 2 an ergo-torus ap-
pears/disappears, disconnected from the ergo-sphere. By
contrast, along the line starting at point 2, an ergo-torus
pinches off from the ergo-sphere. The cusp, i.e point 2
corresponds to the limit when the ergo-torus pinching off
has zero radius.
In Fig. 3 we show a cross section of the ergo-surface(s)
for the 5 points highlighted in Fig. 2, that lie on a con-
stant q curve. Solutions a, c and e are, respectively type
I, III and I. Solutions b and d show the two possible tran-
sitions between type I and type III, as described above.
4FIG. 3. A cross section of the ergo-surface(s) along the x− z plane (left panel) and the metric function gtt along the equatorial
plane (right panel) for the HBHs at points a (top panel) to e (bottom panel) in Fig. 2.
5In Fig. 3, left panels, the event horizon is displayed
as the black dotted curve and the ergo-surface(s) as the
solid red line(s). The ergo-region is shaded in blue. The
top and bottom panels show type I HBHs with an ergo-
sphere (topologically). The middle panel shows a type III
HBH, with an ergo-Saturn. The first possible transition
between the two types of HBH solutions occurs via the
appearance of a zero radius ergo-torus disconnected from
the ergo-sphere – shown in the second panel. The second
possible transition is through the pinching off of an ergo-
torus, shown in the fourth panel. As for the 3D plots,
the coordinates in equation (2) are plotted as standard
spherical coordinates and, in particular, define the x− z
plane as standard Cartesian coordinates.
III. ERGO-SIZE AND SUPERRADIANT
INSTABILITY TIME-SCALE
Consider a complex, massive Klein-Gordon field, with
mass µ, in the background of a Kerr BH with mass M
and angular momentum J . For a mode with frequency ω
in the superradiant regime, the strength of the instability
is measured by the imaginary part of ω, here denoted as
γ. The inverse of γ is the e-folding time scale for the
instability, τ . It was shown by Detweiler [5] that τ in the
limit when Mµ 1, is given by:
τµ =
24
(µM)8
M2
J
. (5)
In this limit, fixing M and µ, we therefore see that the in-
stability becomes monotonically stronger – i.e. the time-
scale decreases – with increasing J . Alternatively, we
can regard how γ = 1/τ varies with the ergo-size, as mea-
sured by ∆a defined in equation (1). Not surprisingly, we
find that the strength of the instability increases mono-
tonically with the ergo-size - Fig. 4. We remark that the
same qualitative behaviour is found in the Kerr-Newman
family. Taking a scalar field minimally coupled to the
electromagnetic field, with gauge coupling q, in the limit
of µM  1 and |qQ|  1, where Q is the BH charge, it
is found [23]:
τµ =
24
µ3|µM − qQ|5
M
J(M2 −Q2) . (6)
Fixing q = µ, as a representative example for our pur-
pose, and taking two different non-zero values of Q, we
have also plotted the dependence of the strength of the
instability in terms of the ergo-size in Fig. 4, observing
the same qualitative behaviour as for Kerr.1
1 For a charged scalar field in the background of an asymptoti-
cally flat, non-rotating, charged BH there can be superradiant
scattering, extracting Coulomb energy and charge from the BH.
There is, however, no superradiant instability [24, 25], unless a
FIG. 4. Strength of the superradiant instability as a function
of the ergo-size ∆a, fixing M , µ and, in the charged case, Q.
The instability grows monotonically with the ergo-size for all
cases. These results are valid for µM  1 and, in the charged
case, |qQ|  1.
We would like to emphasize that the relation between
the ergo-size and the strength of superradiant instabili-
ties is heuristic. Moreover, the ergo-size is blind to the
scalar field parameters. As such, even if it may be infor-
mative in the limit in which the Compton wave length of
the particle is large enough to probe the ergo-size, it will
certainly fail in the limit of very small Compton wave
length.
Actually, the ergo-size seems to stop being valid as a
measure of the strength of the instability in the regime
µM ∼ 1. This can be justified with the results in [30].
There, it was observed that, in Mµ ∼ 1 regime, the
strongest instability for fixedMµ does not occur precisely
at extremality, but slightly before: a maximal growth
rate of Mγ ∼ 1.72 × 10−7 was obtained for µM ∼ 0.45
and J/M2 ∼ 0.997. We shall therefore take that the
ergo-size is a valid measure of the instability only in the
regime µM  1.
In Fig. 5 we show the ergo-size versus the ADM angu-
lar momentum for HBHs, in the region of non-uniqueness.
The figure shows that for the same ADM mass and angu-
lar momentum, the ergo-size is smaller for HBHs. This
is intuitive if one regards HBHs as bound states of boson
stars – which have no ergo-surfaces in this region of pa-
rameter space – and Kerr BHs. Observe that the pattern
observed for the iso-mass curves plotted also holds for
µM  1.
In the regime where eq. (5) is valid, the time-scale
for the instability of Kerr BHs has the lower bound, in
mirror boundary condition for the scalar field is imposed [26–
28], or in AdS asymptotics (see e.g. [29] and references therein).
As such, we may expect a correlation between the ergo-size and
the strength of the instability for rotating BHs even if charge is
included, as in [23].
6FIG. 5. Ergo-size ∆a as a function of the ADM angular mo-
mentum (in terms of the field mass) in the region of non-
uniqueness. Kerr BHs exist below the solid green line which
corresponds to extreme Kerr. HBHs exist in the shaded area
below the dotted blue line, which corresponds to the Kerr
limit of HBHs. Iso-mass curves are plotted for 3 different val-
ues of Mµ both for Kerr BHs (dotted black lines) and HBHs
(dashed red lines).
physical units, τ ∼ 0.12(µM)−9(M/M) ms. According
to the argument given above we expect this to be a lower
limit for the e-folding time scale of superradiant insta-
bilities for HBHs, in the region of non-uniqueness, where
µM  1. For instance, if µM ∼ 0.1 this time scale varies
from τ ∼ 1 day to τ ∼ 106 years, for solar mass BHs and
the largest supermassive BHs known (with M ∼ 109M),
respectively.
Another perspective on the estimate we have just done
is the following. Bench marking the time-scale for super-
radiant instabilities of HBHs using Kerr solutions is cer-
tainly well justified in the region where HBHs are close to
Kerr, i.e. on a band next to the blue dotted line in Fig. 2.
On such band, the scalar field should be ‘small’ and hence
the test field approximation should be legitimate. The
‘smallness’ of the scalar field in this region also implies
that the estimate should be universal: it should apply
equally to scalar field models including self-interactions,
as non-linearities should be negligible. Finally, observe
that for µM  1 this band appears to encompass most,
if not all, HBHs.
IV. FURTHER REMARKS
In this paper we have analyzed the ergo-regions of the
HBHs found in [1]. These solutions display an interesting
and novel structure of ergo-surfaces and, in particular,
provide the first four dimensional example where ergo-
Saturns exist. We expect that some features concerning
ergo-surfaces described herein will be present in other
models of BHs with ‘hair’. For example, ergo-Saturns
should also exist in the case when the scalar field pos-
sesses a potential with self-interaction terms. This is the
case for the HBHs generalization of the spinning gravi-
tating Q-balls in [31]. Indeed, for this model, we have
found solutions with rather similar properties to those
discussed above [22].
Another, more involved, version of the same picture is
provided by BHs inside vortons. Vortons [32, 33] may be
regarded as four dimensional field theory analogues of the
higher dimensional black rings of vacuum general relativ-
ity [17]. They are made from loops of vortices, which are
balanced against collapse by rotation, and share many
features of the Q-balls. In particular, as shown in [34],
gravitating vortons may posses an ergo-region with a
toroidal shape. Thus their BH generalization will also
possess ergo-Saturns [22].
In fact, it is reasonable to expect that the occurence of
ergo-Saturns will be a feature of any theory which pos-
sess spinning soliton solutions in the flat spacetime limit.
When including gravity effects, these solitons should de-
velop an ergo-torus and, when a rotating BH can be
added at the centre of the spinning soliton, an ergo-
sphere will also be present. The upshot will be the pres-
ence of an ergo-Saturn.
Even more diverse ergo-surfaces should be found by
considering composite, rather than single, solitons. As
an example take the same ansatz used herein – equations
(2) –, but considering instead an odd-parity scalar field2.
Axially symmetric spinning boson stars can be found de-
scribing composite configurations with double torus – i.e.
dumbbell-like – surfaces of constant energy density [16].
As such, in some region of the parameter space, these
negative parity solitons develop an ergo-region consisting
of two disconnected tori, located symmetrically with re-
spect to the equatorial plane. We anticipate the existence
of HBH generalizations of these boson stars, with an ergo-
region consisting on three disconnected parts: two ergo-
tori located symmetrically on the symmetry axis and a
central ergo-sphere.
Even more involved ergo-regions are expected to exist
for spinning HBHs in models possessing chain solitons,
with more than two individual components located on
the symmetry axis (see e.g. [35, 36]). In some regions
of the parameter space, the ergo-surfaces of the HBHs
obtained from these solutions would possess more than
three distinct components, with an intricate transition
scenario.
Yet a qualitatively different case is found in higher di-
mensions. In five spacetime dimensions, asymptotically
flat boson stars have been found with an ergo-shell [37];
this is a topologically spherical (S3) hollow ergo-region.
We have constructed solutions in which a BH is super-
imposed at the centre of such boson stars. Some of these
2 Observe, however, that even for these odd-parity solutions the
metric functions will be invariant under a reflection along the
equatorial plane.
7HBH solutions, which will be reported elsewhere, have
an ergo-sphere inside the hollow ergo-shell.
Let us conclude with a remark concerning the super-
radiant instabilities that are likely to be present for the
HBHs analyzed in this paper. Even if such instabilities
are confirmed, it should be clear that this fact, per se,
does not rule out that HBHs may play a physical role.
Unstable configurations play important roles in nature;
an obvious example are unstable nuclei, such as Uranium
or Plutonium. The crucial point is the time-scales of the
instabilities.
The estimate we have put forward for the e-folding
time, applying to a particular region of the HBHs phase
space, suggests that the decay time may be large enough
for the ‘hairiness’ to become of relevance in physical pro-
cesses. In this respect, observe that the time-scales esti-
mated from the Kerr solutions were computed from the
fastest growing mode, i.e the mode with angular momen-
tum harmonic index ` = 1. For the HBHs discussed here,
with m = 1, it is expected that only modes with m > 1
can give rise to an instability, which implies ` > 1. Since
it is known that the strength of the instability decays
with increasing ` [5, 23], the time-scales we discussed
provide a conservative lower bound for the e-folding time
of the possible superradiant instabilities.
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